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Abstract 

 
We consider a family of singular maps as an example of a simple model of dynamical systems exhibiting 

the property of robust chaos on a well defined range of parameters.  Critical boundaries separating the 

region of robust chaos from the region where stable fixed points exist are calculated on the parameter space 

of the system. It is shown that the transitions to robust chaos in these systems occur either through the 

routes of type-I or type-III intermittency and the critical boundaries for each type of transition have been 

determined on the phase diagram of the system. The simplicity of these singular maps and the robustness of 

their chaotic dynamics make them useful ingredients in the construction of models and in applications that 

require reliable operation under chaos. 
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Mapas singulares caóticos 
 
 

Resumen 
 

Se considera una familia de mapas singulares caóticos como un ejemplo de un modelo simple de sistemas 

dinámicos que poseen  la propiedad de caos robusto en un rango bien definido de sus parámetros. Se 

calculan las fronteras críticas que separan la región donde ocurre caos robusto de la región donde existen 

puntos fijos estables en el  espacio de parámetros del sistema. Se muestra que las transiciones al caos tienen 

lugar a través de las rutas de intermitencia tipo I y de intermitencia tipo III, y se determinan las fronteras 

críticas para cada tipo de transición en el diagrama de fases del sistema. La simplicidad de estos mapas 

singulares y su dinámica caótica robusta  los convierten en ingredientes útiles para la construcción de 

modelos y en aplicaciones que requieran operación confiable en un régimen caótico.  
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1.  INTRODUCTION. 

Many practical uses of the phenomenon of chaos have been proposed in recent years, as for 

instance, in communications [1,2], in enhancing mixing in chemical processes [3], in avoiding 

electromagnetic interferences [4], in cryptography [5], in stabilizing plasma fusion [6], etc. In 

such applications it is necessary to obtain reliable operation of chaotic systems.  

It is known that most chaotic attractors of smooth systems are embedded with a dense set of 

periodic windows for any range of parameter values. Therefore in practical systems functioning 

in chaotic mode, a slight fluctuation of a parameter may drive the system out of chaos. On the 

other hand, it has been shown that some dynamical systems can exhibit robust chaos [7-9].  A 

chaotic attractor is said to be robust if, for its parameter values, there exist a neighborhood in the 

parameter space with absence of periodic windows and the chaotic attractor is unique [7]. 

Robustness is an important property in applications that require reliable operation under chaos in 

the sense that the chaotic behavior cannot be destroyed by arbitrarily small perturbations of the 

system parameters. 

In this article we study a family of singular maps as an example of a simple model of  dynamical 

systems that shows robust chaos on a finite interval of their parameter values. In Section 2 we 

introduce this family of maps and investigate their dynamical properties, both analytically and 

numerically. It is found that the transitions to robust chaos in these systems occur either through 

the routes of type-I or type-III intermittency [10]. The region where robust chaos takes place is 

characterized on the space of parameters of the maps. Conclusions are presented in Section 3.  

 

2. SINGULAR MAPS. 

As a simple model of a dynamical system displaying robust chaos, we consider the following 

family of singular maps 
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where , , and b is a real parameter. The exponent z describes the order of the 

singularity at the origin that separates two piecewise smooth branches of the map Eq. (1).  These 

maps are unbounded, that is, 

Ζ∈n 1<z

),( ∞−∞∈nx .  The Schwarzian derivative of the family of maps 

Eq.(1)  is always positive, i.e., 
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for 1<z . Thus maps defined by Eq. (1) do not belong to the standard universality classes of 

unimodal maps and do not satisfy Singer’s theorem [11]. As a consequence, these singular maps 

do not exhibit a sequence of period-doubling bifurcations.  Instead, the condition  leads to 

the occurrence of an inverse period-doubling bifurcation, where a stable fixed point on one 

branch of the singular map losses its stability at some critical value of the parameter b to yield 

robust chaos. It should be noted that robust chaos has also been discovered in smooth, continuous 

one-dimensional maps [12]. 
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Figure 1 shows the bifurcation diagrams of the iterates of map Eq. (1) as a function of  the 

parameter b for two different values of the singularity exponent z. Figure 1 reveals robust chaos, 

i.e., the absence of windows of stable periodic orbits and coexisting attractors, on a well defined 

interval of the parameter b for each value of z.  

Two stable fixed points satisfying  and  **)( xxf = 1)( * <′ xf  exist for each value of  z: 

 and , both are seen in Figure (1).  For 0* <−x 0* >+x )0,1(−∈z , the fixed point  becomes 

unstable at the parameter value 

*
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through an inverse period doubling bifurcation that gives rise to chaos via type-III intermittency,  

while the fixed point  originates from a tangent bifurcation at the value *
+x
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and the transition to chaos at this value of b takes place through type-I intermittency. On the other 

hand, for  the behavior of the fixed points is interchanged:  experiences a tangent 

bifurcation at the parameter value  and a type-I intermittent transition to chaos occurs; 

while the fixed point   undergoes an inverse period-doubling bifurcation at the value , 

setting the scenario for a type-III intermittent transition to chaos. There exist several unstable 

period-m orbits 
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the chaotic interval .  Figure 2 shows some unstable periodic orbits of the 

singular map with z = -0.25  as a function of the parameter b. 
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Figure 3 shows the critical boundaries  and  for the transition to chaos. These 

boundaries separate the region on the parameter plane  where robust chaos takes place from 

the region where stable fixed points of the maps Eq. (1) exist. The transition to chaos via type-I 

intermittency takes place at the parameter boundaries 
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)()( zbzbI −= )1,0(∈z . On the other hand, the transition to chaos via type-III intermittency 

occurs at the critical parameter values )()( zbzbIII −=  for )0,1(−∈z , and  for 

. The boundaries  and   on the space of parameters  are indicated in 

Figure 3.  The width of the interval for robust chaos on the parameter  b  for  a given 
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Figure 4 shows the Lyapunov exponent λ  as a function of the parameter b for the family of maps 

Eq. (1), for two values of  z, calculated as 
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with  iterates after discarding 5000 transients for each parameter value. The 

boundaries  and  correspond to the values

4105×=T

)(zb− )(zb+ 0=λ . The Lyapunov exponent is positive 

on the robust chaos interval . The transition to chaos through type-I intermittency is 

smooth, as seen in Figure 4. In contrast, the transition to chaos via type III intermittency is 

manifested by a discontinuity of the derivative of the Lyapunov exponent at the parameter values 

corresponding to the critical boundary  .  This discontinuity is due to the sudden loss of 

stability of the fixed point associated to the inverse period doubling bifurcation that occurs at the 

boundary . The Lyapunov exponent can be regarded as an order parameter that 

characterizes the transition to chaos via type-I or type-III intermittency.  This transition can be 

very abrupt in the case of type-III intermittency, as seen in Figure 4. 
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3. CONCLUSIONS. 

We have introduced a family of singular maps as an example of a simple model of dynamical 

systems exhibiting robust chaos on a well defined range of parameters.  The behavior of these 

maps has been characterized as a phase diagram in the space of their parameters, showing a 

region where robust chaos takes place and regions where stable fixed points occur.   We have 

shown that the transitions to robust chaos in these systems occur either through the routes of type-

I or type-III intermittency and have calculated the critical boundaries for each type of transition 

on the phase diagram of the systems. The simplicity of these singular maps and the robustness of 

their chaotic dynamics make them useful ingredients in the construction of models and in 

applications that require the property of chaos. 
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FIGURE 1. Bifurcation diagrams of the iterates of the map Eq. (1)  as a function of the parameter 

b for two values of the order of the singularity z, showing robust chaos. Type-I or type-III 

intermittencies appear at the boundaries of the robust chaos intervals. (a) z = -0.5;  (b) z = 0.5.  

 



 

 

 

 

 

 

 

 

 

FIGURE 2. Some unstable periodic orbits of the singular map with z = -0.25, indicated by dotted 

lines, as a function of b. The stable fixed points    and  are plotted with solid lines. At the 

parameter value , the fixed point  becomes unstable through an inverse period-

doubling bifurcation, giving raise to the unstable fixed point 

*
−x *

+x

0.9896=−b *
−x

−x . At the value , a 

tangent bifurcation takes place and the pair of points  (stable) and  

1.6494=+b

*
+x +x  (unstable) are born. The 

period-2 unstable orbit 1x   and 2x , satisfying )()( 21 xfxf = , are shown.  

 

 



 

 

 

 

 

 

 

 

 

 

 

FIGURE 3.  Critical boundaries  and  of the robust chaos region for the singular 

maps on the space of parameters .  The thick, dark line indicates the boundary  for 

the transition to chaos via type-III intermittency. The thin, light line corresponds to the boundary 

 for the onset of type-I intermittency.  
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FIGURE 4. Lyapunov exponent λ  as a function of the parameter b for two values of z, 

calculated over iterations after neglecting  iterates representing transient behavior 

for each value of b. (a) z = -0.5; (b)  z = 0.5.   
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